Abstract. We study conditions for the supersolvability of a finite group under the assumption that all subgroups of order p (or all subgroups of order 4 if p ¼ 2) in a Sylow p-subgroup P are contained in the hyperquasicenter of the normalizer of P.
Introduction
In this paper, all groups mentioned are assumed to be finite. For a p-group P, we write WðPÞ ¼ W 1 ðPÞ if p 0 2 and WðPÞ ¼ hW 1 ðPÞ; W 2 ðPÞi if p ¼ 2, where W i ðPÞ ¼ hx A P j jxj ¼ p i i. Two subgroups H and K of a group G are said to permute if HK ¼ KH. A subgroup of G is quasinormal in G if it permutes with every subgroup of G. Ore [16] defined the quasicenter, denoted by QðGÞ, of a group G to be the subgroup generated by all elements x of G such that hxi is quasinormal in G. Mukherjee [14] defined the hyperquasicenter, denoted by Q y ðGÞ, of G to be the final term of the ascending chain of subgroups 1 ¼ Q 0 ðGÞ c Q 1 ðGÞ c Q 2 ðGÞ c Á Á Á , where Q iþ1 ðGÞ=Q i ðGÞ ¼ QðG=Q i ðGÞÞ is the quasicenter of G=Q i ðGÞ for all i d 0. Baer [1] called a normal subgroup K of G supersolvably embedded in G if to every homomorphism s of G with K s 0 1 there exists a cyclic normal subgroup A 0 1 of G s such that A c K s . Baer [1] showed that S is a supersolvable subgroup of G if S contains a supersolvably embedded normal subgroup K of G with S=K supersolvable. This important fact has two interesting consequences: (a) the product of all supersolvably embedded normal subgroups of G is a supersolvably embedded characteristic subgroup of G; and (b) every maximal supersolvable subgroup of G contains every supersolvably embedded normal subgroup of G. Mukherjee [15] proved that the hyperquasicenter Q y ðGÞ of G is the largest supersolvably embedded subgroup of G. The reader can consult [19, Chapter 1] for a more detailed account of these results.
A number of authors have examined the structure of a finite group G under the assumption that all minimal subgroups of G are well situated in the group. Itô [10] showed that a group G of odd order is nilpotent provided that all minimal subgroups of G lie in the center of the group. A sharpened form ([8, Theorem IV.5.5]) of Itô 's result is that G is p-nilpotent if WðPÞ c ZðGÞ for P A Syl p ðGÞ. Buckley [3] showed that if all minimal subgroups of an odd order group are normal, then the group is supersolvable. Yokoyama [20] , [21] and Laue [12] extended the results of Itô and Buckley using formation theory to generalize the notion of centrality and indirectly applied the deep result of Dornho¤ [6] .
In this note, we establish some results without using Dornho¤ 's result. Theorem 1.1 improves Yokoyama's result in [20] , and Theorem 1.5 extends the result of Li and Zhang in [13] . Let p, q be distinct primes, V an elementary abelian p-group, x an element of order p and Q a q-group. We assume that K is a non-abelian group such that K ¼ hxi y Q and ½x; FðQÞ ¼ 1, where FðQÞ is the Frattini subgroup of Q, and that moreover K=FðQÞ is a Frobenius group with complement ðhxiFðQÞÞ=FðQÞ G hxi and kernel Q=FðQÞ. Set
where K acts faithfully and irreducibly on V g:
We say that a group G is D p -free if G has no sections belonging to D p . Write D ¼ 6 p A P D p , where P is the set of all primes. Theorem 1.1. Let G be a p-solvable group, p a prime divisor of jGj, and P a Sylow p-subgroup of G. Suppose that G is D p -free. Then the following are equivalent: . Let G be a finite p-solvable group for an odd prime p and let K t G be such that G=K is p-supersolvable. Suppose that WðPÞ is generated by all subgroups of P of order p which are normal in G (or N G ðPÞ), for P A Syl p ðKÞ. Then G is p-supersolvable.
Our terminology and notation employed is standard, and can be found in [8] , [17] or [19] .
We first recall of the notion of a strictly p-closed group. For a prime p, we say a group G is strictly p-closed if it has a normal Sylow p-subgroup P such that G=P is abelian of exponent dividing p À 1. Equivalently, as noted by Baer [1] , a group G is strictly p-closed if and only if both G 0 and G pÀ1 are p-subgroups of G. 
(ii) N G ðUÞ is p-supersolvable for every non-identity p-subgroup U of G;
(iii) N G ðUÞ=C G ðUÞ is strictly p-closed for every non-identity p-subgroup U of G.
Proof. See [7, Theorem 1] . r Lemma 2.3. Let P be a normal p-subgroup of a finite group G. Then G=C G ðPÞ is strictly p-closed if and only if P c Q y ðGÞ.
Proof. ) By [19, Theorem 1.7.10], it is su‰cient to show that P is a supersolvably embedded subgroup of G. Let L be a minimal normal subgroup of G such that L c P. Then C G ðPÞ c C G ðLÞ and hence
is a p-group. We also have
Thus ðG=C G ðLÞÞ 0 is a p-group. By Lemma 2.1, jLj ¼ p and thus L c QðGÞ c Q y ðGÞ. Now consider P=L and G=L. Clearly P=L and G=L inherit the hypothesis of this lemma. Thus P=L c Q y ðG=LÞ by induction on jGj, and hence [19, Theorem 1.7.7] implies that P c Q y ðGÞ.
( If P c Q y ðGÞ, then [1, Theorem 4.1] implies that G=C G ðPÞ is strictly p-closed. r Lemma 2.4. Let G be a p-solvable group with p a prime divisor of jGj. Then the following statements are equivalent:
(ii) U c Q y ðN G ðUÞÞ for every non-identity p-subgroup U of G; (iii) WðUÞ c Q y ðN G ðUÞÞ for every non-identity p-subgroup U of G.
Proof. The implications (i) , (ii) are an immediate consequence of Lemma 2.2 and 2.3, and (ii) ) (iii) is clear, so it remains to prove the implication (iii) ) (ii 
Proof of the results
Throughout this section we will maintain the notation used in the introduction. Now we prove that if WðPÞ c Q y ðN G ðPÞÞ then G is p-supersolvable. Assume that the result is false and choose for G a counter-example of minimal order. We proceed in a number of steps.
(1) O p 0 ðGÞ ¼ 1.
If not, then by [2, Proposition 1.1 (1)], G=O p 0 ðGÞ and PO p 0 ðGÞ=O p 0 ðGÞ inherit the hypothesis of the theorem, and induction on jGj implies that G=O p 0 ðGÞ is psupersolvable, hence so is G, a contradiction. (3) There exists a p-subgroup X of G such that N G ðX Þ is not p-supersolvable and such that N G ðY Þ is p-supersolvable for every p-subgroup Y with X < Y . Moreover, X ¼ O p ðGÞ is unique.
Let P denote the set of all non-identity subgroups R of G such that N G ðRÞ is not psupersolvable. Then P is non-empty by Lemma 2.2. Choose X A P of maximal order so that N G ðY Þ is p-supersolvable for every p-subgroup Y such that X < Y . We argue that X t G. If we write M ¼ N G ðX Þ and let R A Syl p ðMÞ, then X B Syl p ðGÞ by (2), so that X < R. The maximality of X implies that N G ðRÞ is p-supersolvable, so that N (6) we have N G ðPÞ ¼ P and P is a maximal subgroup of G. Since G=O 2 ðGÞ G L ¼ hxi y Q, we have that hxi is a maximal subgroup of L and Q is the minimal normal subgroup of L. Hence Q is a cyclic group of odd prime order q and thus L is a non-abelian group of order 2q. It is easy to see that L acts faithfully and irreducibly on O 2 ðGÞ; therefore G A D 2 . This contradicts our hypothesis.
Henceforth we can assume that p > 2.
(8) jN G ðPÞj has a prime divisor smaller than p.
If not, we have that N G ðPÞ ¼ P by (6) , and P is a maximal subgroup of G. It follows that hxi is a maximal subgroup of L and Q is the minimal normal subgroup of L by (5) . By [11, Theorem 8.2.3] , Q has an hxi-invariant Sylow q-subgroup; hence Q is an elementary abelian q-group. It follows that L is a Frobenius group with complement hxi and kernel Q; moreover, L acts faithfully and irreducibly on O p ðGÞ, so G A D p , a contradiction. Therefore (8) holds.
(9) Let s be the set of all prime divisors of p À 1 and let p ¼ s U fpg. Then G is a p-group and Q is a s-group. Furthermore, ½G : N G ðPÞ ¼ r k for some r A s. By (6) , N G ðPÞ is supersolvable, so the derived subgroup of N G ðPÞ is nilpotent by [19, Theorem 1.1.6]. Write M ¼ N G ðPÞ. Thus M 0 c F ðMÞ c P, and hence M=P is abelian. Let E be a Hall p 0 -subgroup of M; then M=O p ðGÞ G hxi y E. Since , G is p-nilpotent and hence p-solvable. Now there exists x B Z y ðGÞ with hxi p G. Then C G ðxÞ < G, hence G=C G ðxÞ is cyclic of exponent dividing p À 1, and thus C G ðxÞ is a proper subgroup of G containing P. Clearly C G ðxÞ meets the hypothesis of the theorem, and induction implies that C G ðxÞ is p-solvable and D p -free. It follows that G is p-solvable and D p -free. r Proof of Corollary 1.4. Let G be the counter-example of minimal order with p a prime divisor of jGj and let P be a Sylow p-subgroup of G. Induction implies that G=FðKÞ is p-supersolvable. Clearly FðKÞ c FðGÞ, so that G=FðGÞ is p-supersolvable, and so is G. Thus we may assume that FðKÞ ¼ 1. Now, by [8, Theorem III.4.5] , F ðKÞ ¼ O p ðKÞ is the direct product of all minimal normal subgroups of K, and p-supersolvability of K implies that all minimal normal subgroups of K are of order p. Then K is supersolvable by [8, Theorem VI.9.9], so p is the largest prime divisor of jKj, and thus P ¼ O p ðKÞ t G. By hypothesis, WðPÞ c Q y ðGÞ; then P c Q y ðGÞ (see (2) . By Theorem 1.6, it su‰ces to show that K is D p -free. If K is involved in D p , without loss of generality we may assume that K A D p , and then P ¼ WðPÞ. Clearly there exists a subgroup of order p which is not normal in P (otherwise, P is abelian as every normal subgroup of order p of P is in the center of P), and this contradicts the hypotheses of the corollary. Thus K is D p -free. r
